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Abstract. Recently, IZakharov et alJ d2005aT ) considered the possibility of evaluating the spin parameter and the 
inclination angle for Kerr black holes in nearby galactic centers by using future advanced astrometrical instruments. 
A similar approach which uses the characteristic properties of gravitational retro-lensing images can be followed 
to measure the charge of a Reissner-Nordstrom black hole. Indeed, in spite of the fact that their formation might 
be problematic, charged black holes are objects of intensive investigations. From a theoretical point of view, it is 
well-known that a black hole is described by only three parameters, namely, its mass M, angular momentum J, 
and charge Q. Therefore, it would be important to have a method for measuring all these parameters, preferably 
by independent model of any. In this paper, we propose a procedure to measure the black hole charge by using 
the size of the retro-lensing images that can be revealed by future astrometrical missions. A discussion of the 
Kerr-Newmann black hole case is also offered. 
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1. Introduction 

"Black holes have no hair" means that a black hole 
is characterized by only three parameters ("hairs"), 

its mass M, angular momentum J, and ch arge Q 

(see e.g. iMisner Thome, and Wheelerl Il973t IWaldl 
119841 or iHeuslerl Il998i for a more recent review). 
Therefore, in principle, charged black holes can be 
formed, although astrophysical conditions that lead 
to their formatio n may look rather probl e matic : 
see, f or example, IZamirl dl993h : jRumni et alJ Jl999L 



ometry which is a static, spherically symmetrical solu- 
tion of Yang-Mills-Einstein equations with fairly natu- 
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Serend l|2004|i : iGhezzi fe Letelierl l)2005|) . Nevertheless, 
one can not claim that their existence is forbidden by 
theoretical or observational arguments. 

Charged black holes are also objects of intensive stud- 
ies, since they are described by Reissner-Nordstrom ge- 
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spherically symmetric black hole w ith a color cha rge and 
(or) a magnetic monopole (see also lHeuslerlll998|) . 

The formation of retro-lensing images (also known as 
mirage, shadows, or "faces" in the literature) due to the 
strong gravitational field effects ne ar black holes has been 
investigated by several au thors ilHolz fc Wheelerl 2002; 
iDe Paolis etafl 120031 12004 IZakharov et all l2005altldl . 
The question that naturally arises is whether these im- 
ages are observable or not. It has been shown that the 
retro-lensing image around the black hole at the Galactic 
Center (Sgr A*) due to S2 star is observable in the K- 
band (peaked at 2.2 /im) by the next generation infra-red 
space-based missions. The effects of retro-lensing image 
shapes due to black hole spin has also been in vestigated 
l|Pe Paolis et al.lEool IZakharov et a,l1l2005alcO . 
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In this paper we focus on the possibility of measuring 
the black hole charge as well, and we present an analyt- 
ical dependence of mirage size on the black hole charge. 
Indeed, future space missions like Radioastron in radio 
band or MAXIM in X-ray band have angular resolution 
close to the shadow size for massive black holes in the 
center of our own and nearby galaxies. 

2. Basic definitions and equations 

The expression for the Reissner - Nordstrom metric in 
natural units (G = c = 1) has the form 



ds 2 



,„ 2M Q 2 . ,„ 2M Q 2 , , 2 
-(1 + \)dt 2 + (1 + -^r) dr 2 + 

+r 2 {dd 2 + sm 2 9d<p 2 ).(l) 



Applying the Hamilton- Jacobi method to the prob- 
lem of geodesies in the Reissner - Nordstrom metric, 
the motion of a test particle in the r-coordinate can 
be described by following equatio n (see, for example, 
iMisner. Thorne. and Wheelerlll973|) 



r 4 {dr/d\) 2 = R{r), 



where 



(2) 



R(r)=P 2 {r)-A{fi 2 r 2 + L 2 ), 
P(r) = Er 2 - eQr, 
A = r 2 -2Mr + Q 2 . 



Here, the constants /x, E, L, and e are associated with the 
particle; i.e. a is its mass, E is energy at infinity, L is 
its angular momentum at infinity, and e is the particle's 
charge. 

We shall consider the motion of uncharged particles 
(e = 0) below. In this case, the expression for the polyno- 
mial R(r) takes the form 

R(r) = (E 2 - u 2 )r 4 + 2Mnr 3 - (Q 2 u 2 + L 2 )r 2 + 

+2ML 2 r - Q 2 L 2 . (4) 

Depending on the multiplicities of the roots of the 
polynomial R( r), we can have t hree types of motion in the 
r - coordinate l|Zakharovl ll986) . In particular, by defining 
r + = 1 + yl — Q 2 , we have: 

(1) if the polynomial R(r) has no roots for r > r+, a 
test particle is captured by the black hole; 

(2) if R(r) has roots and (dR/dr)(r max ) ^ with 
r-max > r+ (r max is the maximal root), a particle is scat- 
tered after approaching the black hole; 

(3) if R(r) has a root and R{r max ) = (dR/dr)(r max ) 

0. the particle now takes an infinite proper time to ap- 
proach the surface r = const. 

If we are considering a photon (a = 0), its motion in 
the r-coordinate depends on the root multiplicity of the 
polynomial R(f) 



where r = r/M, £ = LJ (Me) and Q = Q/M. 

One can see from Eq. JSJ and Eqs. (TJJ that the black 
hole charge may substantially influence the photon motion 
at small radii (r w 1), while the charge effect is almost 
negligible at large radial coordinates of photon trajectories 
(r >> 1). In the last case, we should keep in mind that 
the charge may cause only small corrections to photon 
motion. 

3. Capture cross section of photons by a Reissner 
- Nordstrom black hole 

Let us consider the problem of the capture cross section 
of a photon by a charged black hole. It is clear that the 
critical value of the impact parameter for a photon to be 
captured by a Reissner - Nordstrom black hole depends on 
the multiplicity root condition of the poly nomial R(r), i. e. 
the condition fo r a vanishing discriminant l)Zakharovll988L 
Il991alblll994ah . In particular, it was shown that the van- 
ishing discriminant condition approach is more powerful 
than the procedure that excludes r max from the following 
system 

dR 

R(r ma x) = 0, -g^(r max ) = 0, (6) 

as was done, for example, by IChandrasekharl l)l983|) to 
solve similar problems. 

Introducing the notation £ 2 = l,Q 2 = q, we obtain 



(3) R(r) = r A - lr 2 + 2lr 



qr. 



(7) 



The discriminant A of the po l ynomial R(r) ha s the form, 
as it was 



rimmant A oi tne polynomial H\r) lias 
shown by IZakharovl |l991albl Il994a|) : 

A = 16/ 3 [Z 2 (1 -q) + l{-8q 2 + 36q - 27) - 16q 3 ]. 



(8) 



The polynomial R(r) thus has a multiple root if and only 
if 



n/ 2 (l -q) + l{-8q 2 + 36q - 27) - 16g J ] = 0. 



(9) 



Excluding the case I = 0, which corresponds to a multiple 
root at r — 0, we find that the polynomial R(r) has a 
multiple root for r > r + if and only if 

Z 2 (l -q) + l(-8q 2 + 36q - 27) - I6q 3 = 0. (10) 

If q = 0, we obtain t he well-known result for a 
Schwarzschild black hole llMisner. Thorne. and Wheeled 
Il973t IWaldlll984ULightman et alJll97fih . I = 27. or = 
3\/3- If q = 1, then I = 16, or L cr = 4, which als o 
corresponds to numerical results given bv lYounel l|l976h : 
lf)e Vriesl J^nnch : lTakaha,sh! fcOO.fl . 

The photon capture cross section for an extremely 
charged black hole turns out to be considerably smaller 
than the capture cross section of a Schwarzschild black 
hole. The critical value of the impact parameter, char- 
acterizing the capture cross section for a Reissner - 
Nordstrom black hole, is determined by the equation 
JZakharovlll991albl. Il994ah 



R(f) = R{r)/{M A E 2 ) = r 4 



£ 2 f 2 + 2£ 2 f - Q 2 i 2 , 



(5) 



h + V&i +6V(i-9) 
2(1-9) ' 
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where h = 8q 2 - 36q + 27. 

Substituting Eq.^lJ into the expression for the coef- 
ficients of the polynomial R(r), it is easy to calculate the 
radius of the unstable circular photon orbit, which is the 
same as the minimum periastron distance. The orbit of a 
photon moving from infinity with the critical impact pa- 
rameter, determined in accordance with Eq. jTJ , spirals 
into circular orbit. 

As was explained bv IZakharov et ail l)20f)5albl lch this 
leads to the formation of shadows described by the critical 
value of L cr \ or in other words, in the spherically symmet- 
ric case, shadows are circles with radii L cr . Therefore, by 
measuring the shadow size, one could evaluate the black 
hole charge in black hole mass units M. 



6 r 




-6 



Fig. 1. Shadow (mirage) sizes are shown for selected 
charges of black holes Q — (solid line), Q = 0.5 (short 
dashed line), and Q — 1 (long dashed line). 
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Fig. 2. The mirage radius I is shown as a function of the 
black hole charge q (I and q are given in units of M). 



Table 1. The fringe sizes (in micro arc seconds) for the 
standard and advanced apogees B max (350 000 and 3 200 
000 km, respectively). 



B max {km)\X(cm) 


92 


18 


6.2 


1.35 


3.5 x 10 b 


540 


106 


37 


8 


3.2 x 10 B 


59 


12 


4 


0.9 



4. The space RADIOASTRON interferometer 

The space-based radio telescope RADIOASTRON 1 is 
planned to be launched within few next years. 2 This 
space-based 10-meter radio telescope will be used for space 
- ground VLBI observations. The measurements will have 
extremely high angular resolutions, namely about 1-10 
lias (in particular about 8 fias at the shortest wavelength 
of 1.35 cm and a standard orbit, 3 and could be about 0.9 
/ias for the high orbit configuration at the same wave- 
length. Four wave bands will be used corresponding to 
A = 1.35 cm, A = 6.2 cm, A = 18 cm, A = 92 cm (see 
Table 1). A detailed calculation of the high-apogee evolv- 
ing orbits (Bmax) can be done, once the exact launch time 
is known. 

After several years of observations, it should be possi- 
ble to move the spacecraft to a much higher orbit (with 
apogee radius about 3.2 million km), by additional space- 
craft maneuvering using the gravitational force of the 
Moon. The fringe sizes (in fj,as) for the apogee of the 
above-mentioned orbit and for all RADIOASTRON wave- 
lengths are given in Table 1. 

By comparing Fig. 1,2 and Table 1, one can see that 
there are non-negligible chances to observe such mirages 
around the black hole at the Galactic Center and in 
nearby AGNs and microquasars in the radio-band using 
RADIOASTRON facilities. 

We also mention that this high resolution in radio 
band will be achieved also by Japanese VLBI project 
VERA (VLBI Exploration of Radio Astrometry), since 
the a ngular resolution aimed at will b e at the 10 /das 
level ((Sawad-Satohl l2000t iHonmal l200l|) . Therefore, the 

1 See web-site http://www.asc.rssi.ru/radioastron/ for more 
information. 

2 This project was proposed by the Astro Space Center 
(ASC) of Lebedev Physical Institute of the Russian Academy 
of Sciences (RAS) in collaboration with other institutions of 
RAS and RosAviaKosmos. Scientists from 20 countries are de- 
veloping the scientific payload for the satellite by providing by 
ground-based support to the mission. 

3 The satellite orbit will have high apogee, and its rotation 
period around Earth will be 9.5 days, which evolves as a result 
of the weak gravitational perturbations from the Moon and 
the Sun. The perigee has been planned to be between 10 4 and 
7 x 10 4 km and the apogee between 310 and 390 thousand 
kilometers. The basic orbit parameters will be the following: 
the orbital period is P = 9.5 days, the semi-major axis is a = 
189 000 km, the eccentricity is e = 0.853, the perigee is H = 
29 000 km. 
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only problem left is to have a powerful enough radio 
source to illuminate a black hole in order to have retro- 
lensing images detectable by such radio VLBI telescopes 
as RADIOASTRON or VERA. 



5. Searches for mirages near Sgr A* 
RADIOASTRON 



with 



Radio, near-infrared, and X-ray spectral band observa- 
tions are developing very rapidly (ILo et al. ||1998|, 1999i 
Genzel et alJl2003tlGhez et aJJl2004 iBaeanoff et allboOli 




owcr 



et a,ll2nn2[l2nn^lNaTava,nl2nn^lBower et al] 



2004), 4 and it is known that Sgr A* harbors the closest 
massive black hole with mass estimated to be 4.07x 10 6 M ( r ) 



dBower et alJ2004: 


Melia fc Falckel200lHGhez et al.l2003l 


Schodel et alJl200.1 


)• 



and of IZakharov et all l|2005albl lclldl) we propose to use 
the VLBI technique to observe mirages around mas- 
sive black holes and, in particular, towards the black 
hole at Galactic Cen t er. To evaluate the shadow shape 
iFalcke. Melia fc Agoll l|2000j) used the ray-tracing tech- 
nique. The boundaries of the shadows are black hole mi- 

GM 

rages. We use the length parameter r„ = — 5— = 6 x 10 11 

c 

cm for the black hole at Sgr A* and an analytical ap- 
proach (see Sect. 2, 3) to calculate shadow sizes, as ex- 
plained in the text. By taking the distance of Sgr A* to 
be Dqc = 8 kpc, the length r g corresponds to angular size 
~ 5 fias. Since the minimum arc size for the considered 
mirages are at least 8 r g , the standard RADIOASTRON 
resolution of about 8 fias is comparable to the required 
precision. The resolution in the case of the highest orbit 
and shortest wavelength is ~ 1 /ias (see Table 1), good 
enough to reconstruct the mirage shapes. As can be seen 
from Fig. 1 and Table 1, it is clear that, in principle, it is 
possible to evaluate the black hole charge Q by observing 
the shadow size. The mirage size difference between the 
extreme charged black hole and Schwarzschild black hole 
case is about 30% (the mirage diameter for Schwarzschild 
black hole is about 10.4, and for the extreme charged 
black hole, the diameter is equal to 8 or in black hole 
mass units) and typical angular sizes are about ~ 52 /xas 
for the Schwarzschild and ~ 40 fias for the Reissner- 
Nordstrom black hole cases, respectively. Therefore, for 
Sgr A* a charged black hole could be distinguished by a 
Schwarzschild black hole with RADIOASTRON, at least 
if its charge is close to the maximal value. For stellar 
mass black holes, we need a much higher angular reso- 
lution to distinguish charged and uncharged black holes, 
since the typical shadow (mirage) angular sizes are about 
2 x 10~ 5 /ias, even for galactic black holes. 

Actually, from the mathematical point of view we 
proved the following statement. For any positions of source 
and observer, there is an emitted photon passing close 

4 An interesting idea to use radio pulsars to investigate the 
region nearby black hole horizon was proposed recently by 



dope d by I Zakharoyl 
hf lll999l l2002albl 




iPfahl fc Loeb ( 200 



enough to any point of the mirage that can be caught by 
the observer. Thus, the mirage is formed by an envelope 
of a family of photon trajectories or, in other words, by a 
caustic surface. 

Mirage formation under reali stic assumptions for 
a spe cific case was discussed by IFalcke. Melia fc Agoll 
(2000). However, instead of solving the shadow for- 
mation problem by numerical simulations, one can 
use the approach c 
I l995l): IZakharov fc Repinl 

| 2003bldldh: IZakharov et alJ l|2004h: IZakharov. 

IZakharov fc Repinl (|2005albl) : IZakharov! l|2005[) . Mirages 
are boundaries of bright images, and shadows are also 
generated for accretion disks. However, for thick accretion 
disks as well, some parts of mirages could be observable, 
at least in principle. 



6. Conclusions 

The angular resolution of the space RADIOASTRON in- 
terferometer will be high enough to resolve radio images 
around black holes. By measuring the mirage shapes one 
should be able to evaluate the black hole mass, inclination 
angle (e.g. the angle between the black hole spin axis and 
line of sight), and spin, if the black hole distance is known. 
For example, for the black hole at the Galactic Center, 
the mirage size is ~ 52 fias for the Schwarzschild case . 
In the case of a Kerr black hole l|Zakharov et aljf2005albt 
iDe Paolis et alJl2004|) . the mirage is deformed depending 
on the black hole spin a and on the angle of the line of 
sight, but its size is almost the same. In the case of a 
Reissner-Nordstrom black hole, its charge changes the size 
of the shadows up to 30 % for the extreme charge case. 
Therefore, the charge of the black hole can be measured 
by observing the shadow size, if the other black hole pa- 
rameters are known with sufficient precision. In general, 
one could say that a measure of the mirage shape (in size) 
allows to evaluate all the black hole "hairs" to be evalu- 
ated. 

However, there are two kinds of difficulties when mea- 
suring mirage shapes around black holes. First, the bright- 
ness of these images or their parts (arcs) may not be suf- 
ficient for being detect ed by RADIOASTRON. But , nu- 
merical simulat i ons b y IFalcke. Melia fc Agoll l)2000() and 
iMelia fc Falckd l)200lj) give hope that the shadow bright- 
ness could be high enough to be detectable. Second, tur- 
bulent plasma effects near the black hole h orizon could 
give e ssential broadening of observed images ijBower et alJ 
2004) leading to a confusion of the shadow image. 

Recent observations of simultaneous X-ray and radio 
flares at 3 mm, 7 mm, 1.3 cm, and 2 cm with few-hundred 
second rise/fall timescales gave indirect evidence that X- 
ray and radio radi ation from the close v icinity of Sgr A* 
has been detected l|Baganoff et al.ll2~00l|) . 

A few years ago the possibility of observing the images 
of distant sources around black holes in the X-ra y band 
was discussed by IWhitel (j200(^ and ICash et alJ l|2000h 
by using X-ray interferometer. Indeed, the aim of the 
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MAXIM project is to realize a space-based X-ray inter- 
ferometer capable of observing with angular resolution as 
small as 0.1/xas. 

One could also mention that if the emitting region 
has a degenerate position with respect to the line of 
sight (for example, the inclination angle of an accretion 
disk is > 85°) strong bending effects do appear ( see , 
iMatt. Perola fc Stellalll993UZakharov fc RepinlhoOSal) . 

In spite of the difficulties of measuring the shapes of 
shadow images, to look at black hole "faces" is an at- 
tractive challenge since mirages outline the "faces" and 
correspond to a fully general relativistic description of the 
region near the black hole horizon without any assumption 
about a specific model for astrophysical processes around 
black holes; of course, we assume that there are sources 
illuminating black hole surroundings. There is no doubt 
that the rapid growth of observational facilities will give 
a chance to measure the mirage shapes using not only 
RADIOASTRON facilities but also other instruments and 
spectral bands, like the X-ray interferometer MAXIM, the 
RADIOASTRON mission, or other space-based interfer- 
omet ers in millimeter and sub-millimeter bands ijMivoshil 
\2004 . 
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